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Abstract. This paper aims at introducing the notion of intuitionistic N -fuzzy set (INFS) and its application along with its
examples. As the application of this set, its idea has been applied to a newly defined algebraic structure "Bi -Ternary Semigroup".
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1. Introduction
In 1932 Lehmer [9] introduced the concept of a
ternary semigroup and the notion of  -semigroup was
introduced by Sen and Saha [11] in 1986. As a general-
ization of  -semigroup and ternary semigroup, Akram
et al. [2] proposed a new algebraic structure called bi -
ternary semigroup just recently. They introduced the
notions of bi -ternary subsemigroup, bi -left (right,
lateral) ideal, bi -quasi ideal and bi -bi-ideals for
this structure and discussed the relationship between
these substructures. They also defined the regular bi -
ternary semigroup and characterized it by these ideals.
In 1965 Zadeh [12] gave the concept of fuzzy set.
The fuzzy set theories developed by Zadeh and oth-
ers have been found many applications in the domain
of mathematics and elsewhere. The study of fuzzy al-
gebraic structures started with the introduction of the
concepts of fuzzy subgroup (subgroupoid) and fuzzy
(left, right) ideals in the pioneering paper of Rosenfeld
[10] in 1971.
The concept of intuitionistic fuzzy set was intro-
duced by Atanassov [3] as a generalization of fuzzy set
in 1986. Biswas [4] introduced the concept of intuition-
istic fuzzy subgroupoids. Kim and Jun [8] applied the
concept of intuitionistic fuzzy sets to the ideal theory
of semigroup and defined several ideals of semigroup.
Many other authors applied the concept of fuzzy set
and intuitionistic fuzzy set to the algebraic structures.
A crisp set A in a universe X can be defined in the
form of its characteristics function A : X ! f0; 1g
yielding the value 1 for elements belonging to the setA
and the value 0 for elements excluded from the set A.
So far most of the generalizations of the crisp set have
been conducted on the unit interval [0; 1] and they are
consistent with the asymmetry observation. The gen-
eralization of the crisp set to fuzzy set and fuzzy set
to intuitionistic fuzzy set relied on spreading positive
information that fit the crisp point f1g into the interval
[0; 1] and [0; 1] into [0; 1]2. Jun et al. [5] introduced and
used a new function which is called negative-valued
function (or negative fuzzy set, briefly, N -fuzzy set)
and constructedN -structures. In 2013, Jun et al. [6] ap-
plied the concept of coupledN -structures to BCK/BCI
-algebras which was extended to d-algebras by Ahan et
al [1]. But no negative meaning of information is sug-
gested for intuitionistic fuzzy set, we now feel a need
to deal with intuitionistic negative information.
In this paper the concept of intuitionistic N -fuzzy
set has been introduced and applied to Bi -ternary
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semigroup. The notions of intuitionistic N -fuzzy bi -
ternary subsemigroup, intuitionistic N -fuzzy bi -left
(right, lateral and bi) ideals have been defined and the
relationship between them have been investigated. The
characterizations of Bi -ternary semigroup by these
ideals have been discussed here.
2. Preliminary Concepts
Definition 2.1. [2] Let T = fx; y; z; :::g and   =
f; ; ; :::g be two non-empty sets. Then T is called
a Bi -ternary semigroup if for all x; y; z; u; v 2 S,
; ;  2  ; it satisfies,
(i) (xy)z 2 T
(ii) ((xyz)u)v = x(yzu)v = x(y(zuv));
Example 2.2. [2] Let T = Z  and   = Z+: Define
(xyz) = xyz; for x; y; z 2 T and ;  2   as
the usual multiplication of integers. Then T is a bi -
ternary semigroup but not a  -semigroup.
Example 2.3. [2] Let T = iR;where, i =
p 1 and R
is the set of real numbers. If    R and (xyz) is de-
fined as the usual multiplication of complex numbers
T is a bi -ternary semigroup but not a  -semigroup.
Definition 2.4. [2] A non empty subset A of a bi -
ternary semigroup T is called a bi -ternary subsemi-
group of T if, A A A  A:
Example 2.5. [2] Let T = N = f1; 2; 3; :::g and   =
f4n+2; n 2 Ng:Define (xy)z = x++y++z:
Then T is a bi -ternary semigroup. Let A = f4n; n 2
Ng be a non empty subset of T: ThenA is a bi -ternary
subsemigroup.
Definition 2.6. [2] A non empty subset A of a bi -
ternary semigroup T is called a bi -left ideal of T if,
T T A  A:
Definition 2.7. [2] A non empty subset A of a bi -
ternary semigroup T is called a bi -right ideal of T if,
A T T  A:
Definition 2.8. [2] A non empty subset A of a bi -
ternary semigroup T is called a bi -lateral ideal of T
if, T A T  A:
Definition 2.9. [2] A non empty subset A of a bi -
ternary semigroup T is called a bi -ideal of T if it is a
bi -left, a bi -right and a bi -lateral ideal of T:
Definition 2.10. [2] Let T be a bi -ternary semigroup.
A bi -ternary subsemigroup B of T is called a bi -bi-
ideal of T if B T B T B  B:
Example 2.11. [2] Let T = f2n; n 2 Ng;  =
f; ; ; :::g and A = f4n; n 2 Ng: Define,
(xyz) = (2x + 2y) + z; for x; y; z 2 T and
;  2  : Then T is a bi -ternary semigroup and A is
a bi -left ideal of T but neither a bi -right nor a bi -
lateral ideal of T: If we define, (xyz) = x+2y+2z
and (xyz) = 2x+ y + 2z respectively, then A is a
bi -right and a bi -lateral ideal of T:
Proposition 2.12. [2] Let T be a bi -ternary semi-
group and  6= X  T; then
(i) T T X is a bi -left ideal of T:
(ii) X T T is a bi -right ideal of T:
(iii) T X T[T T X T  T is a bi -lateral ideal
of T:
3. Intutionistic N -fuzzy sets
Definition 3.1. [7] A negative fuzzy set (briefly, N -
fuzzy set) in a nonempty set X is a function  : X !
[ 1; 0]: Here we are using " " for the negative fuzzy
function.
Jun et al. [5] used the term negative-valued function
andN -function for negative fuzzy set andN -fuzzy set.
Definition 3.2. An intuitionistic N -fuzzy set (briefly,
INFS) A in a nonempty set X is an object of the
form A = fhx;A; A : x 2 Xig; where A :
X ! [ 1; 0] and A : X ! [ 1; 0] such that
 1  A(x) + A(x)  0 for all x 2 X: An intu-
itionistic N -fuzzy set A = fhx;A; A : x 2 Xig
in X can be identified to an ordered pair (A; A) in
F (X; [ 1; 0])  F (X; [ 1; 0]); where F (X; [ 1; 0])
denotes the set of all functions from X to [ 1; 0]:
For the sake of simplicity, we shall use the notation
A = (A; A) instead of A = fhx;A; A : x 2 Xig:
Definition 3.3. Let A = (A; A) be an INFS in X .
Then the set Nf(A; A); (t; s)g = fx 2 XjA(x) 
t; A(x)  sg where t; s 2 [ 1; 0] with t + s   1
is called an N(t; s)-level set of A: An N(t; t)-level
set of A = (A; A) is called an N -level set of A:
For simplicity, we shall use the notation NA(t; s) in-
stead of Nf(A; A); (t; s)g for N(t; s)-level set of
A = (A; A); i:e: NA(t; s) = fx 2 XjA(x) 
t; A(x)  sg:
Definition 3.4. Let A = (A; A) and B = (B ; B)
be two INFSs in X: If for all x 2 X; A(x)  B(x)
and A(x)  B(x); then A is called an intuitionistic
N -fuzzy subset (INFSS) of B and is written as AB:
We say A = B if and only if AB and BA:
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Definition 3.5. Let A = (A; A) and B = (B ; B)
be two INFSs in X: Then their union and intersection
is also an intuitionistic N -fuzzy set in X; defined as,
for all x 2 X
(A[B)
= fx; minfA(x); B(x)g;maxfA(x); B(x)gg;
= (A(x) ^ B(x); A(x) _ B(x));
and (A\B)
= fx; maxfA(x); B(x)g;minfA(x); B(x)gg;
= (A(x) _ B(x); A(x) ^ B(x)):
Example 3.6. LetX = fa; b; c; dg be a nonempty set.
Define A : X ! [ 1; 0] and A : X ! [ 1; 0]
as, A(a) =  0:7; A(b) =  0:4; A(c) =  0:4;
A(d) =  0:2 and A(a) =  0:2; A(b) =  0:3;
A(c) =  0:4; A(d) =  0:5; then A = f<
a; 0:7; 0:2 >;< b; 0:4; 0:3 >;< c; 0:3; 0:4 >
;< d; 0:2; 0:5 >g: It is easy to verify that A =
(A; A) is an intuitionistic N -fuzzy set in T:
Example 3.7. Let X = fa; b; c; dg and
A = f< a; 1; 0 >;< b; 0:7; 0:2 >;<
c; 0:5; 0:5 >;< d; 0:3; 0:6 >g,
B = f< a; 1; 0 >;< b; 0:8; 0:1 >;<
c; 0:6; 0:3 >;< d; 0:5; 0:4 >g:
Then A = (A; A) and B = (B ; B) are intu-
itionistic N -fuzzy sets in X: Easily we can verify that
AB:
Example 3.8. Let X = fa; b; c; dg and
A = f< a; 0:8; 0:1 >;< b; 0:7; 0:2 >;<
c; 0:5; 0:5 >;< d; 0:3; 0:4 >g
B = f< a; 0:7; 0:2 >;< b; 0:8; 0:1 >;<
c; 0:6; 0:3 >;< d; 0:5; 0:5 >g:
Then A = (A; A) and B = (B ; B) are intu-
itionistic N -fuzzy sets in X and
A[B = f< a; 0:8; 0:1 >;< b; 0:8; 0:1 >
; < c; 0:6; 0:3 >;< d; 0:5; 0:4 >g
A\B = f< a; 0:7; 0:2 >;< b; 0:7; 0:2 >
; < c; 0:5; 0:5 >;< d; 0:3; 0:5 >g:
Obviously, A[B and A\B are intuitionistic N -
fuzzy sets in X:
Definition 3.9. Let S be a non-empty subset of X:
Then the intuitionistic N -fuzzy characteristic function
of S is a function S = (S ; S ) defined as, for any
x 2 X;
S (x) =
 1; if x 2 S
0; if x =2 S

and
S (x) =

0; if x 2 S
 1; if x =2 S

:
We denotes the intuitionistic N -fuzzy characteristic
function of X by X = (X ; X):
4. Institutionistic N -fuzzy sets in Bi -Ternary
Semigroup
In this section we will apply the concept of intu-
itionisticN -fuzzy set to the ideals of bi -ternary semi-
group and we will characterize these ideals in terms of
intuitionistic N -fuzzy sets.
From here let T denotes a bi -ternary semigroup un-
less otherwise specified.
Definition 4.1. Let A = (A; A); B = (B ; B)
and C = (C ; C) be the three INFSs in T: Then their
product is defined as, A   B   C = (A   B  
C ; A   B   C ) = (A  B  C ; A  B  C);
where for any x 2 T;
(A  B  C)(x)
=
" ^
x=abc
fA(a) _ B(b) _ B(c)g; if x = abc
0 otherwise
#
and
(A  B  C)(x)
=
" _
x=abc
fA(a) ^ B(b) ^ B(c)g; if x = abc
 1 otherwise,
#
where a; b; c 2 T; ;  2  :Note that A  B  C =
A   B   C and A  B  C = A   B   C
4.1. Institutionistic N-fuzzy Bi -ideals
Definition 4.2. Let A = (A; A) be an INFS in T:
Then A is called an intuitionistic N -fuzzy bi -ternary
subsemigroup of T if for all x; y; z 2 T; ;  2  ;
A(xyz) maxfA(x); A(y); A(z)g and
A(xyz) minfA(x); A(y); A(z)g:
Definition 4.3. Let L = (L; L) be an INFS in
T: Then L is called an intuitionistic N -fuzzy bi -left
ideal of T if for all x; y; z 2 T; ;  2  :
L(xyz)  L(z) and L(xyz)  L(z):
4 M. Akram et al. / IntuitionisticN -fuzzy sets and its application in bi -ternary semigroups
Definition 4.4. Let R = (R; R) be an INFS in T:
Then R is called an intuitionistic N -fuzzy bi -right
ideal of T if for all x; y; z 2 T; ;  2  ;
R(xyz)  R(x); and R(xyz)  R(x):
Definition 4.5. LetM = (M ; M ) be an INFS in T:
ThenM is called an intuitionistic N -fuzzy bi -lateral
ideal of T if for all x; y; z 2 T; ;  2  ;
M (xyz)  M (y) and M (xyz)  M (y):
Definition 4.6. Let A = (A; A) be an INFS in T:
Then A is called an intuitionisticN -fuzzy bi -ideal of
T if it is a bi -left, a bi -right and a bi -lateral ideal
of T:
Example 4.7. Let T be the bi -ternary semigroup
given in Example 1: Define, A : T ! [ 1; 0] and
A : T ! [ 1; 0] as, for x 2 T;
A(x) =
 0:5; if x is even
 0:1; otherwise

and
A(x) =
 0:3; if x is even
 0:7; otherwise

.
Then A = (A; A) is an intuitionistic N -fuzzy set in
T: By simple calculations we can verify that A is an
intuitionistic N -fuzzy bi -ternary subsemigroup of T:
Example 4.8. Let T = fa; b; cg and   = fg: Then T
is a bi -ternary semigroup under the operation defined
in the following table,
 a b c
a a a a
b a b b
c a c c
Define, A : T ! [ 1; 0] and A : T ! [ 1; 0]
such that A = (A; A) = f< a; 0:3; 0:1 >
;< b; 0:7; 0:2 >;< c; 0:5; 0:5 >g: Then A
is an intuitionistic N -fuzzy set in T which is an in-
tuitionistic N -fuzzy bi -ternary subsemigroup of T:
Further we can verify that A is not an intuitionistic
N -fuzzy bi -left (bi -right, bi -lateral) ideal of T: If
we take B = (B ; B) = f< a; 0:7; 0:2 >;<
b; 0:5; 0:4 >;< c; 0:5; 0:4 >g; then B is an
intuitionistic N -fuzzy bi -left, a bi -right and a bi -
lateral ideal of T; hence an intuitionistic N -fuzzy bi -
ideal of T: Obviously it is an intuitionistic N -fuzzy
bi -ternary subsemigroup of T:
Example 4.9. Let T = f2n; n 2 Ng and   =
f; ; ; :::g: Define (xyz) = 2x + 2y + z; for
x; y; z 2 T; ;  2  ;then T is a bi -ternary semi-
group. Now define, A : T ! [ 1; 0] and A : T !
[ 1; 0] as
A(x) =
 0:2; if x = 4n for some n 2 N
 0:5; otherwise

and
A(x) =
 0:7; if x = 4n for some n 2 N
 0:3; otherwise

.
Then A = (A; A) is an intuitionistic N -fuzzy
bi -left ideal of T: Now, for 2; 4; 6 2 T; ;  2  ;
(26)4 = 2(2) + 2(6) + 4 = 20 = 4(5) )
A(264) = A(4(5)) =  0:2 and A(2) =  0:5
implies that A(264)  A(2) also A(264) 
A(2):HenceA = (A; A) is not an intuitionisticN -
fuzzy bi -right ideal of T: Similarly, we can verify that
A = (A; A) is not an intuitionistic N -fuzzy bi -
lateral ideal of T: If we define (xyz) = x+2y+2z
or (xyz) = 2x+y+2z; thenA = (A; A) is an in-
tuitionisticN -fuzzy bi -right ideal of T and intuition-
istic N -fuzzy bi -lateral ideal of T; respectively but
not intuitionistic N -fuzzy bi -left ideal of T: Further
more if (xyz) = 2x+ 2y + 2z;then A = (A; A)
is an intuitionistic N -fuzzy bi -ideal of T:
From Example 9 & 10, we can write the following
remark.
Remark 4.10. In a bi -ternary semigroup T ,
(i) An intuitionistic N -fuzzy bi -left (right, lateral
) ideal of T is an intuitionistic N -fuzzy bi -ternary
subsemigroup of T but the converse is not true.
(ii) An intuitionistic N -fuzzy bi -left ideal of T
may not be an intuitionistic N -fuzzy bi -right (lateral
) ideal of T and vice versa.
Lemma 4.11. Let T be a bi -ternary semigroup then,
(i) The intersection of any collection of intuitionis-
tic N -fuzzy bi -ternary subsemigroups of T is an in-
tuitionistic N -fuzzy bi -ternary subsemigroup of T:
(ii) The intersection of any collection of intuition-
istic N -fuzzy bi -left (right, lateral) ideals of T is an
intuitionistic N -fuzzy bi -left (right, lateral) ideal of
T:
Proof. Straightforward.
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Proposition 4.12. Let A = (A; A) be an INFS in T
then
(i) A is an intuitionistic N -fuzzy bi -ternary sub-
semigroup of T if and only if
A  A  A  A and A   A   A  A:
(ii) A is an intuitionistic N -fuzzy bi -left ideal of T
if and only if
T   T   A  A and T   T   A  A:
(iii) A is an intuitionistic N -fuzzy bi -lateral ideal
of T if and only if
T   A   T  A and T   A   T  A:
(iv) A is an intuitionistic N -fuzzy bi -right ideal of
T if and only if
A T  T  A and A T  T  A:
Proof. (i) Let A is an intuitionistic N -fuzzy bi -
ternary subsemigroup of T and x 2 T:
Case1. If x 6= abc; for ;  2  , a; b; c 2 T;
then
(A  A  A)(x) = 0  (A)(x) and
(A  A  A)(x) =  1  (A)(x):
Case2. If x = abc; for ;  2   and a; b; c 2 T;
then
(A  A  A)(x)
= min
x=abc
fmax((A)(a); (A)(b); (A)(c))g
 min
x=abc
(A)(abc)  (A)(x); 8x 2 T:
Also
(A  A  A)(x)
= max
x=abc
fmin((A)(a); (A)(b); (A)(c))g
 max
x=abc
(A)(abc)  (A)(x); 8x 2 T:
This implies that A   A   A  A and A  
A   A  A:
Conversely, we suppose that A   A   A  A
and A   A   A  A: Let, ;  2  , a; b; c 2 T
and x = abc then
(A)(abc)
= (A)(x)  (A  A  A)(x)
= min
x=uvw
fmax((A)(u); (A)(v); (A)(w))g
 max((A)(a); (A)(b); (A)(c)): Also,
(A)(abc)
= (A)(x)  (A  A  A)(x)
= max
x=uvw
fmin((A)(u); (A)(v); (A)(w))g
 min((A)(a); (A)(b); (A)(c)):
Hence A is an intuitionistic N -fuzzy bi -ternary sub-
semigroup of T: Similarly, we can prove (ii), (iii) and
(iv).
Lemma 4.13. LetA = (A; A) be an INFS in T then
(i) T   T  A is an intuitionisticN -fuzzy bi -left
ideal of T:
(ii) A   T   T is an intuitionistic N -fuzzy bi -
right ideal of T:
(iii) T   A   T is an intuitionistic N -fuzzy bi -
lateral ideal of T:
Proof. (i) Let L = T   T   A; then
L = (L; L) = (T  T  A; T  T  A): Hence
T   T   L = T  T  L = T  T  T  T  A
 T  T  A = L:
This implies that T   T   L  L: Similarly,
T   T   L  L: Hence L = T   T   A is
an intuitionistic N -fuzzy bi -left ideal of T: (ii) and
(iii) can be proved in the same way.
Theorem 4.14. Let A = (A; A) be an INFS in
T: Then A is an intuitionistic N -fuzzy bi -ternary
subsemigroup of T if and only if NA(t; s) is a bi -
ternary subsemigroup of T; for all t; s 2 [ 1; 0] with
t+ s   1:
Proof. Let A = (A; A) be an intuitionistic N -
fuzzy bi -ternary subsemigroup of T . Let x; y; z 2
NA(t; s); where t; s 2 [ 1; 0] with t + s   1 then
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A(x)  t; A(x)  s; A(y)  t; A(y)  s and
A(z)  t; A(z)  s: Now for ;  2  ,
A(xyz) maxfA(x); A(y); A(z)g  t and
A(xyz) minfA(x); A(y); A(z)g  s:
This implies that xyz 2 NA(t; s), for all
x; y; z 2 NA(t; s) and ;  2  : Hence NA(t; s) is a
bi -ternary subsemigroup of T:
Conversely, we suppose that NA(t; s) is a bi -
ternary subsemigroup of T; for all t; s 2 [ 1; 0] with
t + s   1: Let x; y; z 2 T such that A(x) =
tx; A(x) = sx; A(y) = ty; A(y) = sy and
A(z) = tz; A(z) = sz with  1  tx + sx  0;
 1  ty + sy  0 and  1  tz + sz  0 then x 2
NA(tx; sx); y 2 NA(ty; sy) and z 2 NA(tz; sz): We
may assume that tx  ty  tz and sx  sy  sz then
NA(tx; sx)  NA(ty; sy)  NA(tz; sz); which im-
plies that x; y; z 2 NA(tz; sz): Since, NA(tz; sz) is a
bi -ternary subsemigroup of T implies that xyz 2
NA(tz; sz); for ;  2  : Then
A(xyz)  tz = max(tx; ty; tz)
= max (A(x); A(y); A(z)) ; and
A(xyz)  sz = min(sx; sy; sz)
= min (A(x); A(y); A(z)) ;
for all x; y; z 2 T and ;  2  : Hence A =
(A; A) is an intuitionistic N -fuzzy bi -ternary sub-
semigroup of T .
Theorem 4.15. Let A = (A; A) be an INFS in T:
Then A is an intuitionistic N -fuzzy bi -left (right, lat-
eral) ideal of T if and only if NA(t; s) is a bi -left
(right, lateral) ideal of T; for all t; s 2 [ 1; 0] with
t+ s   1:
Proof. Straightforward.
Theorem 4.16. A nonempty subset S of T is a bi -
ternary subsemigroup of T if and only if S =
(S ; S ) is an intuitionistic N -fuzzy bi -ternary
subsemigroup of T:
Proof. Let S be a bi -ternary subsemigroup of T then
S S S  S: Let x; y; z 2 T; ;  2   then we have
following cases.
Case1. If x; y; z 2 S then xyz 2 S and hence
S (x) = S (y) = S (z) = S (xyz) =  1
implies that
S (xyz) = maxfS (x); S (y); S (z)g:Also,
S (x) = S (y) = S (z) = S (xyz) = 0
implies that
S (xyz) = minfS (x); S (y); S (z)g:
Case2. If either x =2 A or y =2 A or z =2 A
then either S (x) = 0; S (x) =  1 or S (y) =
0; S (y) =  1 or S (z) = 0; S (z) =  1:
This implies that,maxfS (x); S (y); S (z)g = 0
but S (xyz)  0 implies that S (xyz) 
maxfS (x); S (y); S (z)g. Also, either S (x) = 1or S (y) =  1 or S (z) =  1; which im-
plies that, minfS (x); S (y); S (z)g =  1 but
S (xyz)   1 implies that S (xyz) 
minfS (x); S (y); S (z)g. This implies that
S (xyz)  maxfS (x); S (y); S (z)g and
S (xyz)  minfS (x); S (y); S (z)g; for
all x; y; z 2 T; ;  2  :
Case3. When any two of x; y; z are not in S.
Case4. When all x; y; z are not in S:
Above both cases gives the same results as in Case2.
Hence S = (S ; S ) is an intuitionistic N -fuzzy
bi -ternary subsemigroup of T:
Conversely, we suppose that S = (S ; S ) is an
intuitionistic N -fuzzy bi -ternary subsemigroup of T:
Let x; y; z 2 S and ;  2   then xyz 2 S S S:
By definition of S ; S (x) = S (y) = S (z) = 1 implies that maxfS (x); S (y); S (z)g = 1: Since S is an intuitionistic N -fuzzy bi -ternary
subsemigroup of T then
S (xyz)  maxfS (x); S (y); S (z)g = 1 implies that S (xyz)   1 but by definition
S (xyz)   1;which implies that S (xyz) = 1: Similarly, we can show that S (xyz) = 0:
This gives that xyz 2 S implies that S S S  S:
Hence S is a bi -ternary subsemigroup of T:
Theorem 4.17. A non-empty subset S of T is a bi -
left (right, lateral) ideal of T if and only if S =
(S ; S ) is an intuitionistic N -fuzzy bi -left (right,
lateral) ideal of T:
Proof. Straightforward.
Definition 4.18. Let S be a nonempty subset of T and
a; b 2 [ 1; 0] with a  b: Define an intuitionistic N -
fuzzy set in T as Sba = (Sba ; Sba); where,
Sba(x) =

b if x =2 S
a if x 2 S

and Sba(x) =

a if x =2 S
b if x 2 S

:
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Lemma 4.19. A nonempty subset S of T is a bi -
ternary subsemigroup (left ideal, right ideal, lateral
ideal) of T if and only if Sba is an intuitionisticN -fuzzy
bi -ternary subsemigroup (left ideal, right ideal, lat-
eral ideal) of T:
Proof. We prove this result for bi -right ideals. Let S
be a bi - right ideal of T and x; y; z 2 T: If x 2 S then
xyz 2 S implies that Sba(x) = a = Sba(xyz)
and Sba(x) = b = Sba(xyz): If x =2 S then
Sba(x) = b  Sba(xyz) and Sba(x) = a 
Sba(xyz): Hence S
b
a = (Sba ; Sba) is an intuition-
istic N -fuzzy bi -right ideal of T:
Conversely, we suppose that Sba = (Sba ; Sba) is an
intuitionistic N -fuzzy bi -right ideal of T: Let x 2 S
then Sba(x) = a and Sba(x) = b: For y; z 2 T
and ;  2  ; Sba(xyz)  Sba(x) = a but
Sba(xyz)  a implies that Sba(xyz) = a im-
plies that xyz 2 S ) S T T  S: Hence S is a
bi -right ideal of T: The result for other cases is simi-
lar.
4.2. Intuitionistic N-Fuzzy Bi -Bi-ideals
Definition 4.20. Let B = (B ; B)be an INFS in T:
ThenB is called an intuitionisticN -fuzzy bi -bi-ideal
of T if,
i) B is an intuitionistic N -fuzzy bi -ternary sub-
semigroup of T:
ii) For all x; y; z 2 T , ; ; ;  2  ;
B(xuyvz) max(B(x); B(y); B(z))
and
B(xuyvz) min(B(x); B(y); B(z)):
Example 4.21. Let T be a bi -ternary semigroup as
given in Example 9: Define, A : T ! [ 1; 0] and
A : T ! [ 1; 0] such that
A = (A; A) = f< a; 0:9; 0:1 >;< b; 0:7;
 0:2 > ;< c; 0:5; 0:5 >g:
Then A = (A; A) is an intuitionistic N -fuzzy
bi -bi-ideal of T:
Example 4.22. Let T be the bi -ternary semigroup as
given in Example 1. Define, A : T ! [ 1; 0] and
A : T ! [ 1; 0] as, for x 2 T;
A(x) =
 0:7; if x is even
 0:1; otherwise

and
A(x) =
 0:3; if x is even
 0:7; otherwise

:
Then A = (A; A) is an intuitionistic N -fuzzy set
in T: By simple calculations we can verify that A is an
intuitionistic N -fuzzy bi -bi-ideal of T:
Proposition 4.23. Let B = (B ; B) be an INFS in
T: Then B is an intuitionistic N -fuzzy bi -bi-ideal of
T if and only if
(1) B B B  B and B B B  B
(2) B   T   B   T   B  B and
B   T   B   T   B  B
Proof. We suppose that B = (B ; B) is an intu-
itionistic N -fuzzy bi -bi-ideal of T then it is bi -
ternary subsemigroup of T and by Proposition 2; (1)
holds. Now for (2); let m 2 T: If m 6= xyz; for
x; y; z 2 T and ;  2   then
(B   T   B   T   B)(m) = 0  B(m) and
(B   T   B   T   B)(m) =  1  B(m):
If m = xyz and x = uvw; for u; v; w 2 T and
;  2   then
(B   T   B   T   B)(m)
= min
m=xyz
fmaxf(B   T   B)(x); T (y);
B(z)gg
= min
m=xyz
fmaxf min
x=uvw
fmax(B(u); T (v);
B(w)); T (y); B(z)gg
= min
m=xyz
fmaxf min
x=uvw
fmax(B(u); 1; B(w));
 1; B(z)gg
= min
m=xyz
f min
x=uvw
fmaxfmax(B(u); B(w));
B(z)gg
= min
m=uvwyz
fmax(B(u); B(w); B(z)g
 min
m=uvwyz
B(uvwyz), = B(m)
) (B   T   B   T   B)(m)  B(m);
for allm 2 T . This implies that
B   T   B   T   B  B: Similarly, we
can prove that B   T   B   T   B  B :
Conversely, we suppose that (1) and (2) holds for any
intuitionistic N -fuzzy subset B = (B ; B) of T: Let
m = xuyvz for x; y; z; u; v 2 T; ; ; ;  2  
then
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B(xuyvz)
= B(m)  (B   T   B   T   B)(m)
= (B   T   B   T   B)(xuyvz)
= min
m=xuyvz
fmaxf(B   T   B)(xuy);
T (v); B(z)gg
 maxffmax(B(x); T (u); B(y))g; T (v);
B(z)g
= min
n=xuy
fmaxfmax(B(x); 1; B(y)); 1;
B(z)gg
 max(B(x); B(y); B(z)):
Similarly, we can show that,
B(xuyvz)  min(B(x); B(y); B(z)):
HenceB = (B; B) is an intuitionisticN -fuzzy bi -
bi-ideal of T:
Lemma 4.24. Let X = (X ; X) and Y = (Y ; Y )
be two INFSs in T thenX  T  Y is an intuitionistic
N -fuzzy bi -bi-ideal of T:
Proof. Straightforward.
Theorem 4.25. Let X = (X ; X); Y = (Y ; Y )
and Z = (Z ; Z) be three INFSs in T: Then X  
Z   Y is an intuitionistic N -fuzzy bi -bi-ideal of
T if any one of X;Y or Z is either an intuitionis-
tic N -fuzzy bi -left ideal or an intuitionistic N -fuzzy
bi -right ideal or an intuitionisticN -fuzzy bi -lateral
ideal of T:
Proof. Straightforward.
Lemma 4.26. Every intuitionistic N -fuzzy bi -left
(right, lateral)-ideal of T is an intuitionistic N -fuzzy
bi -bi-ideal of T:
Proof. Straightforward.
Lemma 4.27. Let fBi; i 2 Ig be a collection of in-
tuitionistic N -fuzzy bi -bi-ideals of T then \
i2I
Bi is
also an intuitionistic N -fuzzy bi -bi-ideal of T:
Proof. Straightforward.
Theorem 4.28. Let B = (B ; B) be an INFS in T:
Then B is an intuitionistic N -fuzzy bi -bi-ideal of T
if and only if NB(t; s) is a bi -bi-ideal of T; for all
t; s 2 [ 1; 0] with t+ s   1:
Proof. We suppose that B = (B ; B) is an in-
tuitionistic N -fuzzy bi -bi-ideal of T and m 2
NB(t; s) T NB(t; s) T NB(t; s):
Then m = nxoyq for n; o; q 2 NB(t; s);
x; y 2 T and ; ; ;  2  : Since n; o; q 2
NB(t; s) implies that B(n); B(o); B(q)  t and
B(n); B(o); B(q)  s: Now, since B is intuition-
istic N -fuzzy bi -bi-ideal of T then
B(m) = B(nxoyq)
 max(B(n); B(o); B(q))g  max(t; t; t)
 t; and
B(m) = B(nxoyq)
 min(B(n); B(o); B(q))g  min(s; s; s)
 s:
This implies thatm 2 NB(t; s) and hence,
NB(t; s) T NB(t; s) T NB(t; s)  NB(t; s);which
shows that, NB(t; s) is a bi -bi-ideal of T:
Conversely, we suppose that NB(t; s) is a bi -bi-
ideal of T; for all t; s 2 [ 1; 0] with t + s   1: Let
x; y; z 2 T such that B(x) = tx; B(x) = sx with
 1  tx + sx  0; B(y) = ty; B(y) = sy with
 1  ty + sy  0 and B(z) = tz; B(z) = sz
with  1  tz + sz  0: Then x 2 NB(tx; sx); y 2
NB(ty; sy) and z 2 NB(tz; sz): We may assume that
tx  ty  tz and sx  sy  sz then NB(tx; sx) 
NB(ty; sy)  NB(tz; sz): This implies that x; y; z 2
NB(tz; sz): Since NB(tz; sz) is a bi -bi-ideal of T
then for u; v 2 T; ; ; ;  2  ; xuyvz 2
NB(tz; sz), we have
B(xuyvz)  tz = max(tx; ty; tz)
= max(B(x); B(y); B(z)); and
B(xuyvz)  sz = min(sx; sy; sz)
= min(B(x); B(y); B(z)):
Above holds for all x; y; z; u; v 2 T and ; ; ;  2
 : Hence B = (B ; B) is an intuitionistic N -fuzzy
bi -bi-ideal of T:
M. Akram et al. / IntuitionisticN -fuzzy sets and its application in bi -ternary semigroups 9
Theorem 4.29. A nonempty subset S of T is a bi -
bi-ideal of T if and only if S = (S ; S ) is an
intuitionistic N -fuzzy bi -bi-ideal of T:
Proof. We suppose that S is a bi -bi-ideal of T then it
is a bi -ternary subsemigroup of T and by Theorem
3; S = (S ; S ) is an intuitionistic N -fuzzy bi -
ternary subsemigroup of T: Also S  T S T S 
S: Now for any x; y; z; u; v 2 T; ; ; ;  2  ;
xuyvz 2 T . We have following cases,
(i) If x; y; z 2 S then, xuyvz 2 S T S T S
 S implies that S (x) = S (y) = S (z) = 1 = S (xuyvz) and S (x) = S (y) =
S (z) = 0 = S (xuyvz): Hence
S (xuyvz) = max(S (x); S (y); S (z)):
Also
S (xuyvz) = min(S (x); S (y); S (z)):
(ii) If either x =2 S or y =2 S or z =2 S then either
S (x) = 0; S (x) =  1 or S (y) = 0; S (y) = 1 or S (z) = 0; S (z) =  1 implies that
max(S (x); S (y); S (z)) = 0 and
min(S (x); S (y); S (z)) =  1:
But
S (xuyvz)  0 and S (xuyvz)   1
implies that
S (xuyvz)  max(S (x); S (y); S (z))
and
S (xuyvz)  min(S (x); S (y); S (z)):
(iii) If any two of x; y; z are not in S:
(iv) If x =2 S and y =2 S and z =2 S:
Both (iii) and (iv) are same like (ii):
Hence, S = (S ; S ) is an intuitionistic N -
fuzzy bi -bi-ideal of T:
Conversely, we suppose that S = (S ; S ) is
an intuitionistic N -fuzzy bi -bi-ideal of T: For any
t 2 S T S T S there exists x; y; z 2 S; u; v 2
T and ; ; ;  2   such that t = xuyvz:
Then S (x) = S (y) = S (z) =  1 im-
plies that max(S (x); S (y); S (z)) =  1 and
S (x) = S (y) = S (z) = 0 implies that
min(S (x); S (y); S (z)) = 0:
Since S = (S ; S ) is an intuitionistic N -fuzzy
bi -bi-ideal of T implies that
S (xuyvz)  max(S (x); S (y); S (z))
=  1 and
S (xuyvz)  min(S (x); S (y); S (z))
= 0:
But by definition
S (xuyvz)   1 and S (xuyvz) 
0: This gives that S (xuyvz) =  1 and
S (xuyvz) = 0 implies that t = xuyvz 2
S: This gives that S T S T S  S: Hence S is a
bi -bi-ideal of T:
Lemma 4.30. A non-empty subset S of T is a bi -bi-
ideal of T if and only if Sba is an intuitionistic N -fuzzy
bi -bi-ideal of T:
Proof. Straightforward.
The following examples shows the use of level sets
to characterize bi -ternary semigroups.
Example 4.31. Let T = fa; b; cg and   = fg: Then
T is a bi -ternary semigroup with the operation as
given in Example 9: Then fb; cg is a bi -ternary sub-
semigroup of T but not a bi -bi-ideal of T: Now, de-
fine A : T ! [ 1; 0] and A : T ! [ 1; 0]
as A(a) = A(c) =  0:5; A(b) =  0:8 and
A(a) = A(c) =  0:2; Q(b) =  0:1: Then
NA(t; s) =
2664
T if t; s 2 [ 0:2; 0]
fa; cg if t; s 2 [ 0:5; 0:2)
fb; cg if t; s 2 [ 0:8; 0:5)
 if t; s 2 [ 1; 0:8)
3775 :
Obviously, NA(t; s) is a bi -ternary subsemigroup
of T but not a bi -bi-ideal of T; for all t; s 2 [ 1; 0]
with t+ s   1: Then by Theorem 1 and Theorem
6; A = (A; A) is an intuitionistic N -fuzzy bi -
ternary subsemigroup of T but not an intuitionisticN -
fuzzy bi -bi-ideal of T:
Example 4.32. In above example fa; cg is a bi -bi-
ideal of T: Further more A is a bi -left ideal of T but
neither a bi -right ideal nor a bi -lateral ideal of T:
Now, define B : T ! [ 1; 0] and B : T ! [ 1; 0]
as B(a) = B(c) =  0:8; B(b) =  0:5 and
B(a) =  0:2; B(b) = 0 = B(c): Then
NB(t; s) =
24 T if t; s 2 [ 0:5; 0]fa; cg if t; s 2 [ 0:8; 0:5)
 if t; s 2 [ 1; 0:8)
35 :
Obviously, NB(t; s) is a bi -quasi ideal of T;for all
t; s 2 [ 1; 0] with t + s   1 but neither a bi -
10 M. Akram et al. / IntuitionisticN -fuzzy sets and its application in bi -ternary semigroups
right ideal nor a bi -lateral ideal of T for t; s 2
[ 0:8; 0:5). Hence by Theorem 6; B = (B ; B)
is an intuitionistic N -fuzzy bi -bi-ideal of T and by
Theorem 2; B = (B ; B) is neither an intuition-
istic N -fuzzy bi -right ideal nor an intuitionistic N -
fuzzy bi -lateral ideal of T: Similarly, we can con-
struct examples of intuitionistic N -fuzzy bi -bi-ideal
of T which are not intuitionisticN -fuzzy bi -left ideal
of T:
5. Conclusion
In this research, we introduced the notion of intu-
itionistic N -fuzzy set as a new generalization of fuzzy
and intuitionistic fuzzy set. As an application of this
set, we applied the concept to a newly defined structure
bi -ternary semigroup [2]: Intuitionistic N -fuzzy set
being a new tool containing the negative information
may be used to explain and solve the real life problems
more easily like the fuzzy set and intuitionistic fuzzy
sets. After the introduction of this set, researchers may
find some better options to deal with the problems of
uncertainty with regard to intuitionistic fuzzy set. In
our future work, we are planning to build some further
theory on this set. We will apply this notion to charac-
terize some algebraic structures by their quasi and bi-
ideals. Furthermore, for the applications of intuitionis-
tic N -fuzzy set we will apply this tool to the real life
problems and we will try to explain these problems
more specifically.
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